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In this paper, the decomposition numbers of the non-principal
blocks of the largest Janko group J4 [Z. Janko, A new ﬁnite
simple group of order 86,775,571,046,077,562,880 which possesses
M24 and the full covering group of M22 as subgroups, J. Algebra
42 (1976) 564-596] for characteristic 3 are determined up to
some unknown parameters. We are also concerned with the
decomposition numbers of maximal 2-local subgroups of J4 in odd
characteristics.
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1. Introduction and notation
The modular representations (the representations over a ﬁnite ﬁeld) of a given group are even
harder to investigate than the ordinary representations (the representations over the complex num-
bers). Since decomposition numbers provide the relationship between Brauer characters and ordinary
ones, it is very important to determine the decomposition numbers of a given group for the theory
of modular representations. For more information, we refer the reader to [8]. Current information is
available from the Web site of the Modular Atlas Project (http://www.math.rwth-aachen.de/~MOC/).
For the largest Janko group J4 [6], the decomposition numbers of all 3-blocks with cyclic defect
are determined in [5]. Broué’s abelian defect group conjecture in case of J4 is checked using results
of this paper (see [10]).
Let p be an odd prime. Let k be an algebraically closed ﬁeld of characteristic p. Let G be a ﬁnite
group and kG the corresponding group algebra. We denote by Bl(G) the set of all p-blocks of kG .
Let Irr(A) be the set of irreducible characters which belong to a p-block A. Let eA be the primitive
idempotent in kG such that A = eAkG . For other notation and terminology see the book of Nagao and
Tsushima [11].
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Let X be a normal p′-subgroup of G . Let b be a p-block of kX . Since X is p′-group, Irr(b) has
only one irreducible character ξ . Let T = T (b) be an inertial group of b in G . If a p-block B of T is a
direct summand of ebkT as a k-algebra, we say that B covers b. We denote by Bl(T | b) the set of all
p-blocks of T which cover b. In [3], Fong showed the following two theorems.
Theorem 2.1. (See 2B in [3].) Let A be a p-block in Bl(G | b). Then there is a p-block B in Bl(T | b), such that
the following are true:
(i) A and B have a defect group in common.
(ii) There is a 1-1 height-preserving correspondence between the irreducible ordinary characters of A and B.
(iii) There is a 1-1 correspondence between the irreducible modular characters of A and B.
(iv) With respect to these correspondences of characters, the matrices of decomposition numbers and Cartan
invariants of A and B are same.
Let s be the Schur multiplier of T /X .
Theorem 2.2. (See 2D in [3].) Let B be a p-block in Bl(T | b). Then there is a group T̂ with a cyclic normal
p′-subgroup Z and p-block B̂ in Bl(T̂ | b̂) where b̂ is a p-block of Z such that the following are true:
(i) B and B̂ have isomorphic defect groups.
(ii) There is a 1-1 height-preserving correspondence between the irreducible ordinary characters of B and B̂.
(iii) There is a 1-1 correspondence between the irreducible modular characters of B and B̂.
(iv) With respect to these correspondences of characters, the matrices of decomposition numbers and Cartan
invariants of B and B̂ are same.
The group T̂ has the following structure:
(a) Z is the center of T̂ .
(b) T̂ /Z ∼= T /X.
(c) The order of Z is s.
In case that the irreducible character ξ is linear and T is a semidirect product of X with T /X , it is
easy to see that the p-block b̂ is the principal block. Thus we can identify p-blocks in Bl(T̂ | b̂) with
p-blocks in Bl(T̂ /Z) = Bl(T /X). So the next corollary follows.
Corollary 2.3. If ξ is a linear character and T is a semidirect product of X with T /X, then there is a bijection
between p-blocks in Bl(T | b) and Bl(T /X) such that the same statements in Theorem 2.2 hold.
3. Maximal 2-local subgroups in J4
The largest Janko group J4 has 4 maximal 2-local subgroups which are isomorphic to 211 : M24,
21+12+ . 3M22 : 2, 210 : L5(2) and 23+12 . (S5 × L3(2)), respectively. In [9], B. Kleidman and R.A. Wilson
investigate these groups in detail. The character tables of these groups are found by GAP [4]. We can
get the decomposition numbers of 23+12 .(S5×L3(2)) by tensor products of the projective character η˜5
in the p-block E1c (see Appendix A). So we apply Fong’s theorem for getting the decomposition
numbers of the three other maximal 2-local subgroups.
3.1. Decomposition numbers of 211 : M24
Let E be the elementary abelian normal subgroup of order 211 in 211 : M24.
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be representatives of the orbits. Then the stabilizers of ξ0 , ξ1 and ξ2 in M24 are M24 , M12 . 2 and 24 : A8 ,
respectively.
Proof. Since E is the even part of the dual of the Golay code as a module of M24, the action of M24
to E is the representation R over GF(2). So the action of M24 to Irr(E) is the dual representation R∗ .
Because the smallest degree of non-trivial 2-modular irreducible representation of M24 is 11, R is
irreducible. Since the irreducible representation R and R∗ can be constructed from the natural per-
mutation representation of M24 by GAP, we can get the action of M24 to Irr(E). 
From Corollary 2.3, we can get the following.
Proposition 3.2. The decomposition numbers of 211 : M24 in odd characteristics are obtained from those
of M24 , M12 . 2 and 24 : A8 .
We can see these decomposition numbers in Appendix A.
3.2. Decomposition numbers of 21+12+ . 3M22 : 2
Let X be the extraspecial normal subgroup 21+12+ of order 213 in 21+12+ . 3M22 : 2.
In X , there are 212 linear characters and one non-linear character ξ of degree 64. Let C be the
center of 21+12+ . 3M22 : 2 of order 2. There is an element of the order 3 in 21+12+ . 3M22 : 2 such
that its normalizer is isomorphic to 6 . M22 : 2 (see Section 3 in [9]). Since C is contained in this
normalizer, (21+12+ . 3M22 : 2)/C is isomorphic to the semi-direct product of the elementary abelian
group of order 212 with 3M22 : 2. Since the kernels of any linear characters in X contain C , we can
apply Corollary 2.3 to any blocks covering blocks of X with linear characters.
Lemma 3.3. There are 4 orbits on the 212 linear characters under the action of 3M22 : 2. The stabilizers of
these linear characters are 3M22 : 2, L2(11) . 2, 25 : S5 and 24 : S5 .
Proof. We can construct permutation representation of 21+12+ . 3M22 : 2 (see [1]) and calculate the
orbits by using GAP.
Let b be a block of X which contains the non-linear character ξ of degree 64. Since ξ is the only
non-linear character, T = 21+12+ . 3M22 : 2. We apply Theorem 2.2 to b. Since we can see that the
Schur multiplier of 3M22 : 2 is 2 from the ATLAS [2], T̂ in Theorem 2.2 is 6M22 : 2, and b̂ is the
non-principal block of Z . 
From Corollary 2.3 and Theorem 2.2, we can get the following.
Proposition 3.4. The decomposition numbers of 21+12+ . 3M22 : 2 in odd characteristics are obtained from
those of 3M22 : 2, L2(11) . 2, 25 : S5 , 24 : S5 and 6M22 : 2.
We can see these decomposition numbers in Appendix A.
3.3. Decomposition numbers of 210 : L5(2)
Let E0 be the elementary abelian normal subgroup of order 210 in 210 : L5(2).
Lemma 3.5. There are 3 orbits on the 210 linear characters of E0 under the action of L5(2). The stabilizers of
these linear characters are L5(2), 26 : (S3 × L3(2)) and 24 : S6 .
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GAP. 
From Corollary 2.3, we can get the following.
Proposition 3.6. The decomposition numbers of 210 : L5(2) in odd characteristics are obtained from those
of L5(2), 26 : (S3 × L3(2)) and 24 : S6 .
We can see these decomposition numbers in Appendix A.
4. Decomposition numbers of non-principal blocks of J4
From now on let G be J4 and p be 3. We denote by H and K maximal 2-local subgroups 211 : M24
and 21+12+ . 3M22 : 2, respectively. Let χi be the irreducible characters of G . Let θi and φi be the
irreducible characters of H and K , respectively. These irreducible characters are indexed as indexed
in GAP.
Let χ . B be the constituents of χ which lie in a block B . We denote by V B a column of irreducible
ordinary characters in B . If V B = t[χ 1, . . . , χn] and ai is an integer, then [a1, . . . ,an] . V B denotes a
linear combination
∑n
i=1 aiχ i . If χ is an irreducible character afforded by a simple kG-module S then
χ˜ denotes a projective indecomposable character deduced from a projective cover of S . In particular,
χ˜ = χ if χ is a simple projective character.
In G , there are the 13 blocks with defect 0, the 4 blocks A1a, . . . , A1d of defect 1, one block A2a
of defect 2, and the 2 blocks A3a and A3b of defect 3. So we want to determine all decomposition
numbers of these blocks except of the principal block.
The indices of simple projective characters in G are 15,16,36,37,46,47,48,53,54,55,56,57
and 58.
Lemma 4.1. The 4 blocks A1a, . . . , A1d contain the following irreducible characters
V A1a = t[χ4,χ6,χ9],
V A1b = t[χ5,χ7,χ10],
V A1c = t[χ11,χ42,χ45],
V A1d = t[χ32,χ33,χ34].
Theorem 4.2. The decomposition matrices of A1a, A1b, A1c and A1d are the following.
χ4 1 .
χ6 . 1
χ9 1 1
χ5 1 .
χ7 . 1
χ10 1 1
χ11 1 .
χ42 . 1
χ45 1 1
χ32 1
χ33 1
χ34 1
Proof. See [5]. 
Lemma 4.3. The block A2a contains the following irreducible characters
V A2a = t[χ14,χ21,χ25,χ27,χ28,χ30,χ31,χ35,χ41].
Let Z be a cyclic group of order 3 such that NG(Z) = 6 . M22 : 2 ⊂ K . Then there is the Green
correspondence between G and K with respect to Z . Let b be a block with defect group Z of kK .
Then the block B of kG which covers b has Z as a defect group. Let S be a simple kK -module in b.
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(see Theorem 3.10 in V of [11]). Since the vertex of S is Z , the summands of the induced module SG
without W are all projective (see Theorem 4.3 in IV of [11]). Thus if φ is a character afforded by S
then the components of φG in blocks of defect 2 or 3 are projective.
Thus we can construct the following projective characters by GAP.
Lemma 4.4. There are the following projective characters in A2a.
ξ1 = (χ˜4 ⊗ χ3) . A2a = [1, 0, 0, 0, 1, 1, 0, 0, 1] . V A2a ,
ξ2 =
(
θ˜3
G)
. A2a = [0, 1, 1, 0, 1, 1, 2, 2, 2] . V A2a ,
ξ3 =
(
φ6
G
)
. A2a = [0, 0, 1, 0, 2, 0, 3, 1, 3] . V A2a ,
ξ4 = (χ˜6 ⊗ χ3) . A2a = [0, 0, 0, 1, 0, 1, 0, 1, 1] . V A2a ,
ξ5 =
(
θ˜13
G)
. A2a = [0, 0, 0, 1, 3, 1, 3, 1, 4] . V A2a ,
ξ6 =
(
θ˜15
G)
. A2a = [1, 6, 5, 3, 2, 10, 6, 14, 10] . V A2a .
Theorem 4.5. The decomposition matrix of A2a is the following.
χ14 1 . . . .
χ21 . 1 . . .
χ25 . . 1 . .
χ27 . . . 1 .
χ28 1 . . . 1
χ30 1 1 . 1 .
χ31 . . 1 . 1
χ35 . 1 1 1 .
χ41 1 . 1 1 1
Proof. Let ξ1, . . . , ξ6 be the projective characters in Lemma 4.4. Since the degrees of irreducible ordi-
nary characters in A2a are [6,15,15,21,12,15,21,24,21] modulo 27, ξ4 is indecomposable by Theo-
rem 7.5 in IV of [11]. By the same argument, if ξ1 is decomposable then ξ1 is (χ14+χ41)⊕(χ28+χ30).
But this contradicts that the rank of the decomposition matrix of A2a is 5. Thus ξ1 is also indecom-
posable. Since {ξ1, . . . , ξ5} is a Q-basic set of A2a , χ14 and χ21 are irreducible as Brauer characters.
Thus ξ6 − ξ1 is a projective character. Since 6ξ2 cannot be in ξ6 − ξ1, ξ2 is decomposable and χ25 is
irreducible as a Brauer character. Thus both ξ3 and ξ5 are decomposable. So we can make an inde-
composable projective character ξ7 := (ξ5 − ξ4)/3. Let us assume that ξ8 := ξ3 − ξ7 is indecomposable.
Then ξ2 − ξ8 is also indecomposable. But we cannot represent ξ6 − ξ1 with a linear combination using
ξ8 and ξ2 −ξ8. So ξ8 is decomposable and ξ9 := ξ8 −ξ7 is the indecomposable projective character. For
the same reason, ξ10 := ξ2−ξ9−ξ7 is the indecomposable projective character. So the indecomposable
projective characters in A2a are ξ1, ξ10, ξ9, ξ4 and ξ7. 
Lemma 4.6. The 2 blocks A3a and A3b contain the following irreducible characters.
V A3a = t[χ1,χ8,χ19,χ20,χ29,χ40,χ43,χ49,χ51,χ52,χ59,χ60,χ61,χ62],
V A3b = t[χ2,χ3,χ12,χ13,χ17,χ18,χ22,χ23,χ24,χ26,χ38,χ39,χ44,χ50].
The next lemma is just obtained by GAP.
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ζ1 = (χ˜7 ⊗ χ3) . A3b = [1, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1] . V A3b ,
ζ2 = (χ˜6 ⊗ χ2) . A3b = [0, 1, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1] . V A3b ,
ζ3 = (χ˜5 ⊗ χ3) . A3b = [0, 0, 1, 0, 1, 0, 0, 0, 0, 1, 0, 0, 0, 1] . V A3b ,
ζ4 = (χ˜4 ⊗ χ2) . A3b = [0, 0, 0, 1, 0, 1, 0, 0, 0, 1, 0, 0, 0, 1] . V A3b ,
ζ5 =
(
θ˜30
G)
. A3b = [0, 0, 0, 0, 1, 1, 3, 4, 4, 8, 18, 18, 21, 30] . V A3b ,
ζ6 =
(
φ8
G
)
. A3b = [0, 0, 0, 0, 0, 0, 1, 1, 1, 0, 2, 2, 2, 2] . V A3b ,
ζ7 =
(
φ14
G
)
. A3b = [0, 0, 0, 0, 0, 0, 1, 1, 1, 1, 4, 4, 5, 6] . V A3b ,
ζ8 = (χ˜36 ⊗ χ2) . A3b = [0, 0, 0, 0, 0, 0, 4, 4, 4, 4, 15, 16, 19, 23] . V A3b ,
ζ9 = (χ˜37 ⊗ χ2) . A3b = [0, 0, 0, 0, 0, 0, 4, 4, 4, 4, 16, 15, 19, 23] . V A3b ,
ζ10 = (χ˜4 ⊗ χ5) . A3b = [0, 0, 0, 0, 0, 0, 2, 2, 2, 3, 6, 6, 5, 8] . V A3b ,
ζ11 =
(
θ˜3
G)
. A3b = [1, 0, 1, 0, 0, 0, 0, 0, 0, 1, 1, 1, 2, 3] . V A3b ,
ζ12 = (χ˜11 ⊗ χ3) . A3b = [0, 1, 0, 1, 1, 1, 3, 4, 4, 7, 16, 16, 19, 27] . V A3b ,
ζ13 = (χ˜11 ⊗ χ2) . A3b = [1, 0, 1, 0, 1, 1, 3, 4, 4, 7, 16, 16, 19, 27] . V A3b .
Theorem 4.8. The possible decomposition matrices of A3b are the following.
χ2 1 . . . . . . . .
χ3 . 1 . . . . . . .
χ12 1 . 1 . . . . . .
χ13 . 1 . 1 . . . . .
χ17 . . 1 . 1 . . . .
χ18 . . . 1 1 . . . .
χ22 . . . . α 1 . . .
χ23 . . . . α + 1 1 . . .
χ24 . . . . α + 1 1 . . .
χ26 . . 1 1 β . 1 . .
χ38 . . . . α + β + γ + 1 1 1 1 .
χ39 . . . . α + β + δ + 1 1 1 . 1
χ44 1 1 . . β + γ + δ + 1 . 1 1 1
χ50 1 1 1 1 2β + γ + δ + 2 . 2 1 1
where 0 α  3, 0 β  7, 0 α + β + γ  15, 0 α + β + δ  15, 0 2β + γ + δ  24.
Proof. Let ζ1, . . . , ζ13 be the projective characters in Lemma 4.7. Since the degrees of the irreducible
ordinary characters in A3b are [10,10,15,15,10,10,16,21,21,8,25,25,8,21] modulo 27, the charac-
ters ζ1, . . . , ζ4 are indecomposable by Theorem 7.5 in IV of [11]. Since {ζ1, . . . , ζ9} is a Q-basic set
of A3b , χ2 and χ3 are irreducible as Brauer characters. Thus ζ14 := ζ11 − ζ1 is a projective character. If
ζ14 is decomposable then ζ14 is (χ26 + χ39 + χ50) ⊕ (χ38 + χ44 + χ50) or (χ26 + χ38 + χ50) ⊕ (χ39 +
χ44 +χ50). Since χ38 is mapped to χ39 by a ﬁeld automorphism of Q(
√
5), all four projective charac-
ters occur in either event. But this contradicts that the rank of the decomposition matrix of A3b is 9.
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the rank of these characters is 3, there are three projective characters ηi (i = 1,2,3) which represent
these four characters as a linear combination with positive integer coeﬃcients. Since ζ14 is indecom-
posable we can assume that η1 = ζ14. If ζ6 is indecomposable, we can assume that η2 = ζ6. But it is
impossible to determine the projective character η3 such that both of ζ7 and ζ10 are represented as
a linear combination of the projective characters {η1, η2, η3} with positive integer coeﬃcients. Thus
ζ6 is decomposable and ζ6 = η2 +η3. So we can say that η2 = [0,0,0,0,0,0,1,1,1,0,1,1,0,0] . V A3b ,
η3 = [0,0,0,0,0,0,0,0,0,0,1,1,2,2] . V A3b and η2 is indecomposable by the degrees of irreducible
ordinary characters in η2. Next we consider the ﬁve projective characters {η1, η2, η3, ζ8, ζ9}. Because
the rank of these characters is 4, there are four projective characters which represent these ﬁve
characters as a linear combination with positive integer coeﬃcients. By a similar argument, η3 is
decomposable. So η3 is (χ38 + χ44 + χ50) ⊕ (χ39 + χ44 + χ50). We also get the projective character
ζ15 := ζ12 − ζ2 = ζ13 − ζ1 such that ζ15 = [0,0,0,0,1,1,3,4,4,7,16,16,18,26] . V A3b . 
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Appendix A
For all groups in this appendix, we give the decomposition numbers of all blocks, except of those
of defect 0.
A.1. 211 : M24
The order of 211 : M24 is 501,397,585,920 = 221 · 33 · 5 · 7 · 11 · 23.
There are 72 irreducible ordinary characters in 211 : M24. By Proposition 3.2, these irreducible
characters are classiﬁed into the three classes. There is a 1-1 correspondence between the irreducible
characters in each class and the irreducible characters of each group in Proposition 3.2, respectively.
The characters with indices {1,2,3,4,5,6,7,8,9,11,12,13,14,15,16,17,18,21,22,23,24,25,26,
28,29,30} correspond to the irreducible characters in M24.
The characters with indices {10,27,31,32,33,34,35,36,37,38,40,41,42,43,45,46,47,50,55,56,
57,60,66,71,72} correspond to the irreducible characters in 24 : A8.
The characters with indices {19,20,39,44,48,49,51,52,53,54,58,59,61,62,63,64,65,67,68,
69,70} correspond to the irreducible characters in M12 . 2.
A.1.1. p = 3
All decomposition numbers are determined in [7] and can be accessed through GAP’s charac-
tertable library.
There are the 9 blocks B1a, . . . , B1i of defect 1, one block B2 of defect 2 and the 2 blocks B3a and
B3b of defect 3.
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V B1a = t[θ3, θ13, θ16], V B1b = t[θ4, θ14, θ17],
V B1c = t[θ7, θ28, θ29], V B1d = t[θ15, θ23, θ24],
V B1e = t[θ32, θ57, θ60], V B1 f = t[θ34, θ35, θ36],
V B1g = t[θ48, θ61, θ67], V B1h = t[θ49, θ62, θ68],
V B1i = t[θ55, θ56, θ66].
The projective characters in these blocks are the following.
θ˜x1 = [1, 0, 1] . V B1x ,
θ˜x2 = [0, 1, 1] . V B1x ,
θ˜34 = [1, 1, 1] . V B1 f ,
where
(x, x1, x2) ∈
{
(a,3,13), (b,4,14), (c,7,28), (d,15,23),
(e,32,57), (g,48,61), (h,49,62), (i,55,56)
}
.
The blocks B3a , B3b and B2 contain the following irreducible characters.
• V B3a = t[θ1, θ2, θ5, θ6, θ8, θ9, θ11, θ12, θ18, θ21, θ22, θ25, θ26],
• V B3b = t[θ19, θ20, θ39, θ44, θ53, θ54, θ58, θ59, θ63, θ64, θ65, θ69, θ70],
• V B2 = t[θ10, θ27, θ31, θ33, θ37, θ38, θ45, θ46, θ47].
The decomposition matrices for B3a , B3b and B2 are the following.
θ1 1 . . . . . .
θ2 1 1 . . . . .
θ5 . . 1 . . . .
θ6 . . 1 . . . .
θ8 . 1 1 . . . .
θ9 . . . 1 . . .
θ11 . . . . 1 . .
θ12 . . . . . 1 .
θ18 . 1 . . . . 1
θ21 . . 1 . 1 1 .
θ22 1 . . 1 1 1 .
θ25 1 1 1 1 1 1 1
θ26 1 2 2 1 2 2 1
θ19 1 . . . . . .
θ20 . 1 . . . . .
θ39 1 1 1 . . . .
θ44 1 1 . 1 . . .
θ53 1 . 1 . 1 . .
θ54 . 1 1 . . 1 .
θ58 2 . . 1 1 . .
θ59 . 2 . 1 . 1 .
θ63 . . 1 . . . 1
θ64 . . . 1 . . 1
θ65 . . . 1 . . 1
θ69 1 1 1 1 1 . 1
θ70 1 1 1 1 . 1 1
θ10 1 . . . .
θ27 . 1 . . .
θ31 1 . 1 . .
θ33 . 1 1 . .
θ37 . . . 1 .
θ38 . . . . 1
θ45 1 1 1 . 1
θ46 1 . . 1 1
θ47 . 1 . 1 1
A.1.2. p = 5
The decomposition matrices for the 8 blocks of defect 1 are the following.
θ1 1 . . .
θ21 . 1 . .
θ22 1 . 1 .
θ28 . 1 . 1
θ29 . . 1 1
θ2 1 . . .
θ8 . 1 . .
θ23 . 1 1 .
θ24 1 . . 1
θ26 . . 1 1
θ20 θ19 1 . . .
θ59 θ58 . 1 . .
θ62 θ61 1 . . 1
θ68 θ67 . 1 1 .
θ69 θ70 . . 1 1
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θ6 1 .
θ7 . 1
θ9 1 1
θ10 1 . . .
θ31 1 1 . .
θ34 . . 1 .
θ45 . 1 . 1
θ46 . . 1 1
θ39 1 .
θ44 . 1
θ51 1 1
θ52 1 1
θ27 1 .
θ35 . 1
θ36 . 1
θ37 1 1
A.1.3. p = 7
The decomposition matrices for the 5 blocks of defect 1 are the following.
θ1 θ2 1 . .
θ13 θ16 . 1 .
θ14 θ17 . 1 .
θ15 θ18 1 . 1
θ22 θ23 . 1 1
θ3 1 . .
θ4 1 . .
θ8 . 1 .
θ24 1 . 1
θ25 . 1 1
θ10 1 . .
θ33 1 1 .
θ42 . . 1
θ43 . . 1
θ46 . 1 1
θ32 1 . .
θ40 . 1 .
θ41 . 1 .
θ50 1 . 1
θ60 . 1 1
A.1.4. p = 11
The decomposition matrices for the 2 blocks of defect 1 are the following.
θ1 1 . . . . . . . . .
θ2 1 1 . . . . . . . .
θ3 . . 1 . . . . . . .
θ4 . . . 1 . . . . . .
θ7 1 1 . . 1 . . . . .
θ9 1 . . . . 1 . . . .
θ15 . . . . . . 1 . . .
θ16 . . . . . . . 1 . .
θ17 . . . . 1 . . . 1 .
θ24 . . . . . 1 . . . 1
θ29 . . 1 1 . . 1 1 1 1
θ19 1 . . . . . . . . .
θ20 . 1 . . . . . . . .
θ44 . . 1 1 . . . . . .
θ48 . . 1 . 1 . . . . .
θ49 . . . 1 . 1 . . . .
θ51 . 1 . . . . 1 . . .
θ52 1 . . . . . . 1 . .
θ64 . . . . . 1 . . 1 .
θ65 . . . . 1 . . . . 1
θ67 . . . . . . 1 . 1 .
θ68 . . . . . . . 1 . 1
A.1.5. p = 23
The decomposition matrix of the block of defect 1 is the following.
θ1 1 . . . . . . . . . .
θ3 . 1 . . . . . . . . .
θ4 . . 1 . . . . . . . .
θ5 . . . 1 . . . . . . .
θ6 . . . . 1 . . . . . .
θ7 1 . . . . 1 . . . . .
θ11 . . . . . . 1 . . . .
θ12 . . . . . . 1 . . . .
θ13 . . . . . . . 1 . . .
θ14 . . . . . . . . 1 . .
θ25 . . . . . 1 . . . 1 .
θ28 . 1 1 . . . 1 . . . 1
θ30 . . . 1 1 . . 1 1 1 1
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The order of 21+12+ . 3M22 : 2 is 21,799,895,040 = 221 · 33 · 5 · 7 · 11.
There are 113 irreducible ordinary characters in 21+12+ . 3M22 : 2. By Proposition 3.4, these irre-
ducible characters are classiﬁed into the ﬁve classes. There is a 1-1 correspondence between the
irreducible characters in each class and the irreducible characters of each group in Proposition 3.4,
respectively.
The characters with indices {1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22,23,
24,25,26,27,28,29,30,35,40} correspond to the irreducible characters in 3M22 : 2.
The characters with indices {31,32,33,34,53,54,63,64,66,67,76,77,83,84,85,86,87,97,98,
105,106,107,110,111,112,113} correspond to the irreducible characters in 6M22 : 2.
The characters with indices {36,37,38,39,45,46,47,48,49,50,51,52,55,56,68,69,70,71,72,
73,74,75,93,94} correspond to the irreducible characters in 25 : S5.
The characters with indices {41,42,57,58,59,60,61,62,65,78,79,80,81,82,95,96,108,109}
correspond to the irreducible characters in 24 : S5.
The characters with indices {43,44,88,89,90,91,92,99,100,101,102,103,104} correspond to the
irreducible characters in L2(11) . 2.
A.2.1. p = 3
There are the 16 blocks C1a, . . . ,C1p with defect 1, the 2 blocks C2a and C2b with defect 2 and the
2 blocks C3a and C3b of defect 3.
The 16 blocks C1a, . . . ,C1p of defect 1 contain the following irreducible characters.
VC1a = t[φ6, φ8, φ13], VC1b = t[φ7, φ9, φ12],
VC1c = t[φ14, φ15, φ18], VC1d = t[φ36, φ47, φ49],
VC1e = t[φ37, φ48, φ50], VC1 f = t[φ38, φ46, φ51],
VC1g = t[φ39, φ45, φ52], VC1h = t[φ41, φ58, φ59],
VC1i = t[φ42, φ57, φ60], VC1 j = t[φ43, φ89, φ99],
VC1k = t[φ44, φ88, φ100], VC1l = t[φ61, φ62, φ78],
VC1m = t[φ79, φ81, φ109], VC1n = t[φ80, φ82, φ108],
VC1o = t[φ84, φ85, φ86], VC1p = t[φ90, φ91, φ92].
The projective characters in these blocks are the following.
φ˜x1 = [1, 0, 1] . VC1x ,
φ˜x2 = [0, 1, 1] . VC1x ,
φ˜84 = [1, 1, 1] . VC1o ,
φ˜90 = [1, 1, 1] . VC1p ,
where
(x, x1, x2) ∈
⎧⎨
⎩
(a,6,8), (b,7,9), (c,14,15), (d,36,47), (e,37,48),
( f ,38,46), (g,39,45), (h,41,58), (i,42,57), ( j,43,89),
(k,44,88), (l,61,62), (m,79,81), (n,80,82)
⎫⎬
⎭ .
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φ3 1 . . .
φ4 . 1 . .
φ5 1 1 . .
φ19 . . 1 .
φ20 . . . 1
φ23 1 . . 1
φ24 . 1 1 .
φ27 . . 1 1
φ28 1 1 1 1
φ63 1 . . .
φ64 . 1 . .
φ76 . . 1 .
φ77 . . . 1
φ83 1 1 . .
φ97 . 1 1 .
φ98 1 . . 1
φ105 . . 1 1
φ112 1 1 1 1
The decomposition matrices for C3a and C3b are the following.
φ1 1 . . . . . .
φ2 . 1 . . . . .
φ10 . . 1 . . . .
φ11 . . . 1 . . .
φ16 1 . 1 . 1 . .
φ17 . 1 . 1 1 . .
φ21 1 1 1 1 1 . .
φ22 1 1 1 1 1 . .
φ25 . 1 1 . 1 1 .
φ26 1 . . 1 1 . 1
φ29 . . . . . 1 1
φ30 . . . . 1 1 1
φ35 1 1 . . 2 1 1
φ40 . . 1 1 2 1 1
φ31 1 . . . . . .
φ32 . 1 . . . . .
φ33 . . 1 . . . .
φ34 . . . 1 . . .
φ53 . . . . 1 . .
φ54 . . . . . 1 .
φ66 . 1 . 1 1 1 .
φ67 1 . 1 . 1 1 .
φ87 . . . . . . 1
φ106 . . . . 1 1 1
φ107 . . . . 1 1 1
φ110 . . 1 1 1 1 1
φ111 1 1 . . 1 1 1
φ113 1 1 1 1 1 1 2
A.2.2. p = 5
The decomposition matrices for the 10 blocks of defect 1 are the following.
φ1 φ2 φ37 φ36 φ41 1 . . .
φ4 φ3 φ38 φ39 φ42 . 1 . .
φ15 φ14 φ46 φ45 φ57 1 . 1 .
φ17 φ16 φ48 φ47 φ58 . 1 . 1
φ24 φ23 φ56 φ55 φ65 . . 1 1
φ5 1 . . .
φ18 1 1 . .
φ28 . 1 . 1
φ29 . . 1 .
φ40 . . 1 1
φ53 1 .
φ54 1 .
φ84 . 1
φ87 1 1
φ43 φ44 1 .
φ99 φ100 . 1
φ103 φ101 1 1
φ104 φ102 1 1
φ66 1 . . .
φ67 . 1 . .
φ85 . . 1 .
φ86 . . . 1
φ113 1 1 1 1
A.2.3. p = 7
The decomposition matrices for the 6 blocks of defect 1 are the following.
φ1 φ2 1 . .
φ6 φ8 . 1 .
φ7 φ9 . 1 .
φ10 φ11 1 . 1
φ15 φ14 . 1 1
φ66 1 . .
φ67 1 . .
φ83 1 1 .
φ112 . . 1
φ113 . 1 1
φ31 φ33 φ12 1 . .
φ32 φ34 φ13 1 . .
φ64 φ63 φ18 . 1 .
φ97 φ98 φ35 1 . 1
φ111 φ110 φ40 . 1 1
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The decomposition matrices for the 5 blocks of defect 1 are the following.
φ1 1 . . . . . . . . .
φ2 . 1 . . . . . . . .
φ3 1 . 1 . . . . . . .
φ4 . 1 . 1 . . . . . .
φ6 . . . . 1 . . . . .
φ7 . . . . . 1 . . . .
φ8 . . . . . . 1 . . .
φ9 . . . . . . . 1 . .
φ19 . . 1 . . . . . 1 .
φ20 . . . 1 . . . . . 1
φ30 . . . . 1 1 1 1 1 1
φ5 1 . . . .
φ12 . 1 . . .
φ13 . . 1 . .
φ21 1 . . 1 .
φ22 1 . . 1 .
φ27 . . . . 1
φ40 . 1 1 1 1
φ31 1 . . . . . . . . .
φ32 . 1 . . . . . . . .
φ33 . . 1 . . . . . . .
φ34 . . . 1 . . . . . .
φ53 . . . . 1 . . . . .
φ54 . . . . . 1 . . . .
φ63 . . . . 1 . 1 . . .
φ64 . . . . . 1 . 1 . .
φ76 1 1 . . . . 1 . 1 .
φ77 . . 1 1 . . . 1 . 1
φ84 . . . . . . . . 1 1
φ83 1 . . . .
φ85 . 1 1 . .
φ86 . 1 1 . .
φ105 . 1 . 1 .
φ106 1 . 1 . .
φ107 . . . . 1
φ113 . . . 1 1
φ43 1 . . . . . . . . .
φ44 . 1 . . . . . . . .
φ88 . . 1 1 . . . . . .
φ89 . . . . 1 1 . . . .
φ90 . . . . . . 1 1 . .
φ91 . 1 . . . . . . 1 .
φ92 1 . . . . . . . . 1
φ101 . . . . 1 . 1 . . .
φ102 . . 1 . . . . . . 1
φ103 . . . . . 1 . . 1 .
φ104 . . . 1 . . . 1 . .
A.3. 210 : L5(2)
The order of 210 : L5(2) is 10,239,344,640 = 220 · 32 · 5 · 7 · 31.
There are 81 irreducible ordinary characters in 210 : L5(2). By Proposition 3.6, these irreducible
characters are classiﬁed into the three classes. There is a 1-1 correspondence between the irreducible
characters in each class and the irreducible characters of each group in Proposition 3.6, respectively.
The characters with indices {1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22,23,
24,25,26,27} correspond to the irreducible characters in L5(2).
The characters with indices {28,29,30,31,32,33,34,35,36,37,38,39,40,41,42,43,44,45,46,
47,48,49,50,51,52,53,54,55,56,57,58,59,60} correspond to the irreducible characters in 26 :
(S3 × L3(2)).
The characters with indices {61,62,63,64,65,66,67,68,69,70,71,72,73,74,75,76,77,78,79,
80,81} correspond to the irreducible characters in 24 : S6.
A.3.1. p = 3
There are the 12 blocks D1a, . . . , D1l with defect 1 and the 3 blocks D2a , D2b and D2c with de-
fect 2.
The 12 blocks D1a, . . . , D1l of defect 1 contain the following irreducible characters.
VD1a = t[ζ2, ζ22, ζ25], VD1b = t[ζ13, ζ15, ζ23],
VD1c = t[ζ14, ζ16, ζ24], VD1d = t[ζ18, ζ19, ζ20],
VD = t[ζ31, ζ33, ζ37], VD = t[ζ32, ζ34, ζ38],1e 1 f
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VD1i = t[ζ47, ζ49, ζ52], VD1 j = t[ζ51, ζ53, ζ58],
VD1k = t[ζ71, ζ73, ζ76], VD1l = t[ζ72, ζ74, ζ77].
The projective characters in these blocks are the following.
ζ˜x1 = [1, 0, 1] . VD1x ,
ζ˜x2 = [0, 1, 1] . VD1x ,
ζ˜18 = [1, 1, 1] . VD1d ,
where
(x, x1, x2) ∈
{
(a,2,22), (b,13,15), (c,14,16), (e,31,33), ( f ,32,34),
(g,35,36), (h,46,48), (i,47,49), ( j,51,53), (k,71,73), (l,72,74)
}
.
The decomposition matrices for D2a , D2b and D2c are the following.
ζ1 1 . . . .
ζ3 . 1 . . .
ζ4 . . 1 . .
ζ5 . . . 1 .
ζ6 1 1 1 . .
ζ17 . 1 1 1 .
ζ21 . . . . 1
ζ26 1 . 1 . 1
ζ27 . . 1 1 1
ζ28 1 . . .
ζ29 . 1 . .
ζ30 1 1 . .
ζ39 . . 1 .
ζ40 . . . 1
ζ41 1 . 1 .
ζ42 . 1 . 1
ζ44 . . 1 1
ζ45 1 1 1 1
ζ61 1 . . .
ζ62 . 1 . .
ζ63 1 . 1 .
ζ64 . 1 1 .
ζ65 1 . . 1
ζ66 . 1 . 1
ζ69 . . 1 .
ζ70 . . . 1
ζ75 1 1 1 1
A.3.2. p = 5
The decomposition matrices for the 3 blocks of defect 1 are the following.
ζ1 1 . . .
ζ3 1 1 . .
ζ17 . 1 1 .
ζ18 . . . 1
ζ26 . . 1 1
ζ61 1 . . .
ζ62 . 1 . .
ζ67 1 . 1 .
ζ68 . 1 . 1
ζ75 . . 1 1
ζ5 1 .
ζ19 . 1
ζ20 . 1
ζ21 1 1
A.3.3. p = 7
The decomposition matrices for the 6 blocks of defect 1 are the following.
ζ1 ζ4 ζ29 ζ30 ζ28 1 . .
ζ15 ζ13 ζ33 ζ37 ζ31 . 1 .
ζ16 ζ14 ζ34 ζ38 ζ32 . 1 .
ζ17 ζ22 ζ36 ζ43 ζ35 1 . 1
ζ25 ζ27 ζ42 ζ45 ζ41 . 1 1
ζ2 1 . .
ζ3 1 1 .
ζ23 . . 1
ζ24 . . 1
ζ26 . 1 1
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The decomposition matrix of the block of defect 1 is the following.
ζ1 1 . . . .
ζ2 1 1 . . .
ζ6 . 1 1 . .
ζ7 . . . 1 .
ζ8 . . . 1 .
ζ9 . . . 1 .
ζ10 . . . 1 .
ζ11 . . . 1 .
ζ12 . . . 1 .
ζ25 . . 1 . 1
ζ26 . . . 1 1
A.4. 23+12 . (S5 × L3(2))
The order of 23+12 . (S5 × L3(2)) is 660,602,880 = 221 · 32 · 5 · 7.
A.4.1. p = 3
There are the 23 blocks E1a, . . . , E1w with defect 1 and the 4 blocks E2a , E2b , E2c and E2d with
defect 2.
The 23 blocks E1a, . . . , E1w of defect 1 contain the following irreducible characters.
V E1a = t[η3, η18, η23], V E1b = t[η4, η19, η22],
V E1c = t[η5, η20, η25], V E1d = t[η6, η21, η24],
V E1e = t[η11, η41, η42], V E1 f = t[η12, η28, η33],
V E1g = t[η13, η29, η32], V E1h = t[η43, η45, η55],
V E1i = t[η44, η46, η56], V E1 j = t[η47, η50, η53],
V E1k = t[η48, η49, η54], V E1l = t[η51, η52, η67],
V E1m = t[η57, η58, η68], V E1n = t[η69, η71, η84],
V E1o = t[η70, η72, η83], V E1p = t[η81, η82, η90],
V E1q = t[η114, η116, η125], V E1r = t[η115, η117, η124],
V E1s = t[η118, η119, η127], V E1t = t[η120, η121, η126],
V E1u = t[η128, η130, η131], V E1v = t[η129, η132, η133],
V E1w = t[η134, η135, η138].
The projective characters in these blocks are the following.
η˜x1 = [1, 0, 1] . V E1x ,
η˜x2 = [0, 1, 1] . V E1x ,
η˜128 = [1, 1, 1] . V E1u ,
η˜129 = [1, 1, 1] . V E1v ,
where
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(a,3,18), (b,4,19), (c,5,20), (d,6,21), (e,11,41), ( f ,12,28),
(g,13,29), (h,43,45), (i,44,46), ( j,47,50), (k,48,49), (l,51,52),
(m,57,58), (n,69,71), (o,70,72), (p,81,82), (q,114,116),
(r,115,117), (s,118,119), (t,120,121), (w,134,135)
⎫⎪⎪⎬
⎪⎪⎭ .
The four blocks E2a , E2b , E2c and E2d of defect 2 contain the following irreducible characters.
V E2a = t[η1, η7, η10, η14, η16, η30, η34, η37, η40],
V E2b = t[η2, η8, η9, η15, η17, η31, η35, η36, η39],
V E2c = t[η98, η100, η104, η105, η107, η108, η112, η113, η123],
V E2d = t[η99, η101, η102, η103, η106, η109, η110, η111, η122].
There are the following projective characters in E2a , E2b , E2c and E2d .
(η˜5 ⊗ η4) . E2a = [1, 0, 1, 0, 1, 0, 0, 0, 1] . V E2a ,
(η˜5 ⊗ η18) . E2a = [0, 1, 1, 0, 0, 0, 1, 0, 1] . V E2a ,
(η˜5 ⊗ η13) . E2a = [0, 0, 0, 1, 1, 0, 0, 1, 1] . V E2a ,
(η˜5 ⊗ η28) . E2a = [0, 0, 0, 0, 0, 1, 1, 1, 1] . V E2a ,
(η˜5 ⊗ η3) . E2b = [1, 0, 1, 0, 1, 0, 0, 0, 1] . V E2b ,
(η˜5 ⊗ η18) . E2b = [0, 1, 1, 0, 0, 0, 1, 0, 1] . V E2b ,
(η˜5 ⊗ η12) . E2b = [0, 0, 0, 1, 1, 0, 0, 1, 1] . V E2b ,
(η˜5 ⊗ η28) . E2b = [0, 0, 0, 0, 0, 1, 1, 1, 1] . V E2b ,
(η˜5 ⊗ η118) . E2c = [1, 0, 0, 0, 1, 1, 0, 0, 1] . V E2c ,
(η˜5 ⊗ η119) . E2c = [0, 1, 0, 0, 1, 0, 1, 0, 1] . V E2c ,
(η˜5 ⊗ η114) . E2c = [0, 0, 1, 0, 0, 1, 0, 1, 1] . V E2c ,
(η˜5 ⊗ η116) . E2c = [0, 0, 0, 1, 0, 0, 1, 1, 1] . V E2c ,
(η˜5 ⊗ η118) . E2d = [1, 0, 0, 0, 1, 1, 0, 0, 1] . V E2d ,
(η˜5 ⊗ η119) . E2d = [0, 1, 0, 0, 1, 0, 1, 0, 1] . V E2d ,
(η˜5 ⊗ η114) . E2d = [0, 0, 1, 0, 0, 1, 0, 1, 1] . V E2d ,
(η˜5 ⊗ η116) . E2d = [0, 0, 0, 1, 0, 0, 1, 1, 1] . V E2d .
The decomposition matrices for E2a , E2b , E2c and E2d are the following.
η1 η2 1 . . .
η7 η8 . 1 . .
η10 η9 1 1 . .
η14 η15 . . 1 .
η16 η17 1 . 1 .
η30 η31 . . . 1
η34 η35 . 1 . 1
η37 η36 . . 1 1
η40 η39 1 1 1 1
η98 η99 1 . . .
η100 η101 . 1 . .
η104 η102 . . 1 .
η105 η103 . . . 1
η107 η106 1 1 . .
η108 η109 1 . 1 .
η112 η110 . 1 . 1
η113 η111 . . 1 1
η123 η122 1 1 1 1
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The decomposition matrices for the 9 blocks of defect 1 are the following.
η1 η3 η5 η16 η12 η14 1 . . .
η2 η4 η6 η17 η13 η15 . 1 . .
η7 η18 η2. η34 η28 η3. 1 . 1 .
η8 η19 η21 η35 η29 η31 . 1 . 1
η11 η26 η27 η42 η38 η41 . . 1 1
η128 η136 1 .
η129 η137 . 1
η134 η139 1 1
η135 η140 1 1
η130 1 . . .
η131 . 1 . .
η132 . . 1 .
η133 . . . 1
η138 1 1 1 1
A.4.3. p = 7
The decomposition matrices for the 7 blocks of defect 1 are the following.
η1 η2 η7 η8 η9 η10 η11 1 . .
η4 η3 η19 η18 η23 η22 η26 . 1 .
η5 η6 η20 η21 η24 η25 η27 . 1 .
η13 η12 η29 η28 η33 η32 η38 1 . 1
η16 η17 η34 η35 η39 η40 η42 . 1 1
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